
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 22, No. 4, July–August 1999

Model Reduction of Large Space Structures Using
Approximate Component Cost Analysis

So� ene Sidi-Ali-Cherif¤ and Karolos M. Grigoriadis†

University of Houston, Houston, Texas 77204
and

Murugan Subramaniam‡

DYNACS Engineering Company, Houston, Texas 77058

State-space model reduction methods, such as the component cost analysis (CCA), requires the solution of
Lyapunov equations of order equal to the order of the system. However, for many engineering applications, the
storage requirements and computational time needed for the solution of such large Lyapunov equations is often
prohibitive. In this work, the use of Krylov-subspace iterative methods is examined to obtain low-rank approximate
solutionsof Lyapunovequations for use in CCA model reduction of large space structures. The methods are applied
to obtain reduced-order models of the International Space Station multibody assembly stages for simulation and
control purposes. In addition, closed-form expressions for cost-equivalent and cost-decoupled realizations are
derived based on the approximate Lyapunov solutions. It is shown that using the proposed methods, approximate
CCA reduced-order models can be obtained with a signi� cant reduction in the computational effort and time.

I. Introduction

S YSTEM analysis, simulation, and control design objectivesof-
ten dictate the need to approximate high-order dynamical sys-

tems by lower-orderones.A numberof model reductionmethodolo-
gies, such as balanced truncation,1 Hankel-norm approximation,2

and optimal L2 and H1 methods,3¡8 have been developed in the
past two decades to address this objective. In particular, model re-
duction plays an indispensable role in the analysis and control of
� exible space structures because these systems are by nature dis-
tributed parameter, and discretization methods result in high-order
dynamic models (see Refs. 9 and 10 and references therein).

A state-space methodology that is particularly suitable for the
model reduction of multibody � exible structural systems is com-
ponent cost analysis (CCA). CCA associates a component output
cost with each system state or component.Then, the system compo-
nents are ranked according to their cost contribution, and reduced-
order models are obtained by deleting (truncating) the states with
the smallest cost.11¡14 CCA has been applied successfully to obtain
reduced-ordermodels of space systems and � exible structures.

In CCA, the computation of the component costs requires the
solution of a Lyapunov equation of order equal to the order of the
full-ordersystem. However, in many engineeringapplications,mul-
tiple model reductions of very large-scale systems are required for
simulationand controldesign purposes.For example, � nite element
modeling of large multibody space structures, such as the Inter-
national Space Station (ISS), could result in systems with several
hundreds or thousands of states. Solution of Lyapunov equations
of this order is dif� cult or prohibitive to obtain due to excessive
computational time and storage requirements.

In this work, the use of Krylov-subspace iterative methods15¡17

are proposed to obtain low-rank approximatesolutionsof large Lya-
punov equations for approximate CCA model reduction of very
large-scalesystems.Cost-equivalentand cost-decoupledrealization
using the approximate Krylov-subspace solutions are developed.
The methods are applied to obtain reduced-ordermodels for several
ISS assembly stages, and extensive comparisons with the standard
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methods are provided. It is shown that the proposed approximate
CCA methods are computationally ef� cient and produce close ap-
proximations of the exact CCA solutions.

The remainderof thispaper is organizedas follows.SectionIIpro-
vides a brief overview of the CCA method, and Sec. III introduces
the Krylov-subspace solution method that will be used for solv-
ing large Lyapunov equations. Section IV presents the proposed
approximate CCA method and the derivation of the approximate
reduced-ordercost-equivalentand cost-decoupledrealizations.Sec-
tion V provides computational results for the ISS assembly stages
and extensive comparisons with the exact methods.

II. CCA
Consider a linear, time-invariant (LTI) dynamic system of order

n with state-space representation

Px D Ax C Bw; y D Cx (1)

where x.t/ 2 Rn is the state vector, y.t/ 2 Rl is the system output,
and w.t/ 2 Rm is the input vector. The model reduction problem
consists of � nding a low-order LTI state-space model

Pxr D Ar xr C Br w; y D Cr xr (2)

where xr .t/ 2 Rp and p ¿ n; to approximate system (1).
We assume that w.t/ is a zero-mean white noise with intensity

W > 0: Then, a system performancemetric of interest is the output
quadratic cost

V D lim
t ! 1

Ef yT Qyg (3)

where Q is a givenweightingmatrixandE. / denotestheexpectation
operator. CCA consists of decomposing V into the sum of contri-
butions Vi associated with each state xi , where each Vi is de� ned
by

Vi D lim
t ! 1

E
@fyT Qyg

@xi

xi (4)

Note that the component costs are � nite if there are no unstable
observablemodes and they satisfy the cost-decompositionproperty

V D
n

i D 1

Vi

It can be easily shown14 that Vi is computed by

Vi D [XCT QC]ii (5)
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where X is the state covariance matrix satisfying the Lyapunov
equation

X AT C AX C BW BT D 0 (6)

For model reductionpurposes, the componentcosts are ranked in
the following manner:

jV1j ¸ jV2j ¸ ¢ ¢ ¢ ¸ jVn j

where, to simplifyour bookkeeping,we have assumed that the states
have been arranged according to their component costs. Hence, in
this case the most critical state of the system is x1 havingcomponent
cost V1, and the least critical state is xn having component cost Vn .
The CCA model reduction scheme consists of simply discarding
(truncating) the states with the lowest component cost.11¡13 These
states have the smallest contribution in the system output cost V .

In general, CCA can be applied to system components or sub-
systems where each subsystem is described by a number of state
variables. Then, by the attributionof a component cost to each sub-
system, an evaluation can be made of its importance in the over-
all dynamic response. In the special case where the components
are modal coordinates, the CCA procedure is called modal cost
analysis.18 CCA of multibody interconnected mechanical systems
can be accomplishedby including the nonworkingconstraint forces
of the interconnected components in the system output vector. In
this way, the system coordinatesare ranked according to their com-
bined contribution in the system response and the preservation of
the nonworking constraints forces.19

III. Approximate Solution of Large
Lyapunov Equations

Model reductionusing the CCA approachrequires the solutionof
the Lyapunov equation (6) to obtain the system’s covariancematrix
X . Numerical solutions of the Lyapunov equation has been exam-
ined for the past several decades.Early algorithmsemployeda Kro-
necker product expansion that transformed the Lyapunov equation
into a large, sparse linear system of n2 equationswith n2 unknowns,
requiring O.n6/ � oating-point operations (FLOPs) for numerical
solution.20 More recently, practical solution procedures for small
(n · 200) Lyapunov equations are based on the Bartels–Stewart
algorithm21 or thecloselyrelatedHammarlingalgorithm22 thatmake
direct use of the matrix structure of the Lyapunov equation. Both
methods make use of the real Schur decomposition A D U SU T to
transform the Lyapunov equation to a new set of coordinates,where
the unknown matrix S is lower block triangular with 2 £ 2 blocks
along the diagonal. With this choice of coordinates, the Lyapunov
equation can be solved directly for its solution X or for its Cholesky
factor GGT D X . Both the Bartels–Stewart algorithmand the Ham-
merling algorithm require O.n3/ FLOPs to obtain the solution.

Unfortunately,the methods are not suitable for solvingvery large
Lyapunov equations inasmuch as the computational time and stor-
age requirements are prohibitive. Recently, iterative schemes, such
as successiveoverrelaxation(SOR),23 alternatingdirection implicit
(ADI),24 and Krylov-subspace residual minimization schemes15

have been proposed to address the solution of such large and sparse
Lyapunovequations.SOR and ADI methods require informationon
the spectrum ¸.A/ and provide full-rank estimates of the solution.
For systems with lightly damped modes, typical for large � exible
space structures, the cited methods often require a large number of
iterationsto converge.On the other hand,Krylov-subspacemethods
provide low-rank approximate solutions for the case where m ¿ n;
that is, for the case of a low-rank B matrix in Eq. (6). They are part
of a class of iterative methods originally proposed for the solution
of large eigenvalue problems, and they have been applied to the
solution of approximation problems in various � elds.

In this work, we concentrateon the use of Krylov-subspacemeth-
ods to obtain low-rank approximatesolutionsof Eq. (6) for ef� cient
CCA model reductionof large � exible structural systems. For these
problems, the input matrix B is of low rank due to the limited num-
ber of sensors compared to the number of structural modes. In ad-
dition, CCA requires the solution of the Lyapunov equation (6) for
the sole purposeof ranking the componentcosts Vi to determine the

low-cost states to be truncated.Hence, we expect that a low-rank ap-
proximatesolution OX will result in approximatecomponentcosts OVi

that preserve the ranking of the system components.
In the following, the Krylov-subspacetechnique is reviewed: Let

K D [B AB A2 B ¢ ¢ ¢ Ak B], where k is a given positive integer.
Then thekth-orderKrylovsubspaceof .A; B/ is thekm-dimensional
space K D span.K /. An orthonormal basis Ek for the Krylov sub-
space K can be computed via the following Arnoldi process15;17:

1) Compute B D Q1 R (Q R factorization).
2) Use j D 1; : : : ; m.

a) Set E j D [Q1 Q2 ¢ ¢ ¢ Q j ].
b) Compute

A1 j

A2 j

:

A j j

D E T
j AQ j

c) Compute

Q jC1 A jC1; j D AQ j ¡
j

k D 1

Qk Ak j (QR factorization)

c) End step 2.
Householderre� ectionsmay be used to avoid the loss of orthogonal-
ity in Ek that oftenoccurs in the Arnoldi process.16 Krylov-subspace
methods for the numerical solution of the Lyapunov equation (6)
make use of the Krylov basis Ek to provide low-rank updates
OX D Ek 6ET

k to compute an approximate solution. The Krylov-
subspace iterativealgorithmfor the approximatenumericalsolution
of the Lyapunov equation (6) is as follow15:

1) R0 D BW BT I i D 0I X0 D 0.
2) Although kRi k is too large, take the following steps.

a) Compute an orthogonal basis Ei 2 Rn £ k of the Krylov sub-
space K.

b) Compute the solution 6i 2 Rk £ k of the following reduced-
order Lyapunov equation:

ET
i AEi 6i C 6i ET

i AT Ei C E T
i Ri Ei D 0

c) OX iC1 D OX i C Ei 6i E T
i ; i D i C 1.

d) Ri D ¡.A OX i C OX i AT C Q/.
3) End step 2.
4) OX D OX i .

Hence, the Krylov-subspace algorithm requires the solution of a
k £ k Lyapunov equation that is of signi� cantly lower order than
the initial n £ n Lyapunov equation (6). The approximate solution
OX has the form OX D Ek Xk E T

k and it has low rank:

rank. OX / D rank.Xk / · k

It is easy to show that OX satis� es the following Galerkin orthogo-
nality condition25:

E T
k .A OX C OX AT C BW BT /Ek D 0 (7)

The Krylov-subspace parameter k can be used to tradeoff between
solution accuracy and computational effort.

IV. Krylov Approximate CCA
In this section, the Krylov-subspace approximate solution

OX D Ek Xk E T
k of the Lyapunov equation (6) will be used for ap-

proximate CCA model reduction of large-scale systems. Hence, in
the approximateCCA model reduction,the approximatecomponent
costs OVi are computed as

OVi D Ek Xk E T
k CT QC

ii
(8)

and the states with small approximate component costs are deleted.
Note that the computationof OVi can be accomplished without com-
puting the Krylov-subspacesolution OX , minimizingstoragerequire-
ments. Hence, theproposedKrylov-approximateCCA model reduc-
tion algorithm is as follows:



SIDI-ALI-CHERIF, GRIGORIADIS, AND SUBRAMANIAM 553

1) Given the full-ordermodel (1) solve the Lyapunovequation(6)
using the Krylov-subspacemethod to obtain Xk and Ek .

2) Compute the approximate component costs OVi from Eq. (8)
and rank them in decreasing order of magnitude.

3) Delete the desired number of states that have the lowest ap-
proximate component cost to obtain a reduced-ordermodel.

The order p of the reduced-order model can be selected based
on the ranking and the relative values of the approximate compo-
nent costs OVi . The � delity of the reduced model can be assessed by
examining the costs and deleting only those states with small cost
magnitudes. A good model approximation corresponds to preserv-
ing as much as possible the value of the total system cost. Using
this approach, the � delity of the reduced-ordermodel can be easily
traded with the model complexity determined by p.

In the following, some important properties of the proposed
Krylov-subspace-based CCA model reduction are examined. The
� rst issue to examine is the derivation of cost-equivalentand cost-
decoupled realizations based on the Krylov solution. Recall that a
reduced-order realization (2) is called cost equivalent if it has the
same total output cost V as the full-order system.11;14 Hence, in this
case the truncated states have no contribution in the output cost.
In our case, we are interested in reduced-order approximate cost-
equivalent realizations that have total output cost OV , where

OV D
n

i D 1

OVi D tr. OXCT QC/

The following result shows that if we project the initial system (1)
using the Krylov basis, we get such an approximate cost-equivalent
realization.

Theorem 1: Let OX D Ek X k ET
k be the Krylov-subspace approx-

imate solution of the Lyapunov equation (6). Then the following
kth-order system provides an approximate cost-equivalent realiza-
tion of the system (1):

Pxr D E T
k AEk xr C E T

k Bw; y D C Ek xr (9)

Proof: First note that OX D Ek Xk E T
k satis� es the Galerkin orthog-

onality condition (7), which due to the orthogonalityof the Krylov
basis Ek (E T

k Ek D I ) results in

E T
k AEk X k C X k E T

k AT Ek C ET
k BW BT Ek D 0

Hence, X k is the state-covariance matrix for the system (9). The
correspondingsystem output cost Vr now is

Vr D tr Xk E T
k CT QC Ek D tr Ek Xk ET

k C T QC

D tr. OXC T QC/ D OV
which is the approximate (Krylov–solution-based) cost of the full-
order system (1); that is, systems (1) and (9) are approximate cost
equivalent.

CCA is a function of the system realization. Often, in model re-
duction the analyst may be free to choose the system realization to
performthe model reduction.Note that, in general in a given realiza-
tion, two different component costs Vi and V j are not independent.
That is, the i th component cost Vi is in� uenced by the component
j , i.e., truncating the component j affects Vi . However, CCA in
certain coordinates that are called cost-decoupled coordinates re-
sults in states with independent costs.11 Speci� cally, a realization
.A; B; C/ of system (1) is called a cost-decoupled realization if it
has the property that XC T QC is a diagonal matrix, where X is
the solution of the Lyapunov equation (6). Here, we are interested
in deriving approximate reduced-order cost-decoupled realization
based on the Krylov-subspace solution OX . These realizations are
cost decoupled; that is, they have the bene� ts that provide indepen-
dent component costs, but are approximate because they are com-
puted using the Krylov-subspacesolution rather an exact Lyapunov
solution.The motivation is to facilitateand enable the calculationof
cost-decoupledrealizations for large-scale systems. Note that stan-
dard cost-decoupled transformations11;14 cannot be applied in our
case because they require invertibilityof the covariancematrix, and

our Krylov approximate solution OX is singular. The following re-
sult providesa family of reduced-orderapproximatecost-decoupled
realizations based on the approximate solution OX .

Theorem 2: A family of reduced-orderapproximate cost-decou-
pled coordinates for the system (1) based on the Krylov-subspace
solution OX D Ek X k E T

k is computed as follows:
1) Compute the singular value decomposition (SVD)

X k D [U11 U12]
61 0

0 0

U T
11

U T
12

(10)

2) Compute the SVD

6
1
2

1 U T
11 E T

k CT QC EkU116
1
2

1 D [U21 U22]
62 0

0 0

U T
21

U T
22

3) Set

TL D 3¡1U T
216

¡ 1
2

1 U T
11 E T

k (11)

and

TR D EkU116
1
2
1 U213 (12)

where 3 is an arbitrary nonsingular diagonal matrix. Then, a re-
duced-order approximate cost-decoupledrealization is given by

Ad D TL ATR; Bd D TL B; Cd D CTR (13)

and the system covariance matrix in these coordinates is

Xd D TL
OXT T

L (14)

Proof: Using the SVD orthogonalityconditions, the orthogonal-
ity of the Krylov basis Ek , and the de� nitions (11) and (12), it can
be shown that Eq. (14) results in

Xd D 3¡2 (15)

In addition, Eq. (13) results in

CT
d QCd D 3262

Hence,

XdC T
d QCd D 62

i.e., the cost-decoupled condition is satis� ed. The next step is to
show that Xd is indeed the covariancematrix of the realization (13);
that is, we have to show that the Lyapunov equation

Ad Xd C Xd AT
d C Bd W BT

d D 0 (16)

is satis� ed. Note that, using Eqs. (13) and (15), the left-hand side of
Eq. (16) results in

U T
21 6

¡ 1
2

1 U T
11 ET

k AEk VkU116
1
2

1 C 6
1
2

1 U T
11V T

k AT EkU116
¡ 1

2
1

C 6
¡ 1

2
1 U T

11 ET
k BW BT EkU116

¡ 1
2

1 U21 (17)

Now consider the Galerkin orthogonality condition (7) for the
Krylov-approximatesolution OX ,

E T
k .A OX C OX AT C BW BT /Ek D 0

and note that due to the orthogonalityof Ek and Eq. (10) we obtain

E T
k AEkU1161U

T
11 C U1161U

T
11 E T

k AT Ek C E T
k BW BT Ek D 0

(18)

After some algebraic manipulations, the left-hand side of Eq. (18)
provides the term inside the brackets in Eq. (17); that is, the Lya-
punov equation (16) is veri� ed.

It is noted that thecost decoupledrealizationhas at most l nonzero
component costs because rank .CT QC/ · l. The proposed family
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of approximate cost-decoupled coordinates (13) is of order l ; that
is, the components that correspond to zero cost have already been
removed.

V. Computational Results
A. Comparison of Lyapunov Solvers

The � rst set of numerical experiments is used to validate the ef� -
ciency of the proposed Krylov-subspace methods compared to the
standard Bartels–Stewart algorithm21 for the solution of the Lya-
punov equation

AX C X AT C Q D 0

The methods will be compared in terms of computationalaccuracy
that will be measured with the following index:

Ex D
kAX C X A C QkF

kAkF

where k kF is the Frobenius norm of a matrix. The computational
ef� ciency of each algorithm will be quanti� ed by the number of
FLOPs needed to obtain the solution. The algorithms described in
Sec. III are used to obtain the Krylov-subspace solution. The tests
are performedin comparisonwith the MATLABTM 5.2 built-inLya-
punov equation solver, which uses a routine based on the Bartels–

Stewart algorithm.21 This routine, furthermore, is used to solve the
reduced-orderLyapunovequation in step 2c of the Krylov-subspace
algorithm.

The two methods are tested to � nd the covariancematrix for sev-
eral structuralmodels of different sizes, which correspond to differ-
ent con� gurations of the ISS assembly phases. These ISS models
represent medium size ( ¸ 200 states) to large size ( ¸ 600 states)
structural systems composed of interconnected dynamic compo-
nents such as the core body, solar panels, radiators, and antennas.
In particular, the following ISS assembly models are used for the
comparison:1R, 3A, 4A, 5A, 8A C OBS and 12A. The correspond-
ing number of degrees of freedom for these systems are: 157, 156,
186, 247, 368, and 897, respectively.A complete descriptionof the
con� guration of these structural models is provided in Ref. 26.

A summary of the performanceof the two algorithms is shown in
Tables 1 and 2. Note that, as expected, the Bartels–Stewart solution
is signi� cantly more accurate; however, the correspondingcompu-
tational effort is approximately one order of magnitude higher. In
fact, the Bartels–Stewart methods failed to provide a solution for
the 1794-state model that corresponds to the ISS assembly model
12A.

B. Approximate CCA of ISS Assembly Stages
In this section, the proposed approximate CCA methods are uti-

lized for model reduction of several structural system cases that
correspond to ISS assembly stages. Our objective is to show that

Table 1 Accuracy comparisons of the Bartels–Stewart and the
Krylov-subspace methods

ISS assembly stage Bartels–Stewart method Krylov-subspace method

1R 4.3e¡11 5.3e¡7
3A 8.2e¡11 2.8e¡7
4A 1.5e¡11 1.2e¡6
5A 1.3e¡10 1.7e¡6
8A C OBS 9.5e¡13 1.2e¡6
12A Failed 3.0e¡6

Table 2 Computational effort comparisons of the Bartels–Stewart
and the Krylov-subspace methods

ISS assembly stage Bartels–Stewart method Krylov-subspace method

1R 5.8eC8 7.6eC7
3A 2.1eC9 4.3eC8
4A 6.6eC9 7.2eC8
5A 9.4eC9 1.1eC9
8A C OBS 6.8eC10 5.5eC9
12A Failed 1.1eC11

Fig. 1 Mode selection comparison.

Fig. 2 Isometric view of the ISS assembly stage 8A + OBS.

the approximateCCA, based on the Krylov-subspacealgorithm, re-
sults in quite similar ordering of the system’s cost decomposition
providing accurate reduced-ordermodels.

The � rst comparison of interest is the comparison of the modes
that are preserved as high-cost modes in the CCA using a Bartels–

Stewart Lyapunov solver and the approximate CCA that utilizes
the Krylov-subspace algorithm. Figure 1 shows the percentage of
modes that are common in the two approachesif we seek to preserve
the 25% and the 50% of the higher cost modes. The comparison is
for the ISS assembly stage models 1R, 3A, 4A, 5A, and 8A. Note
that a very large percentage of the high-cost modes are common in
the two methods; that is, the two methods will result in quite similar
truncated models. In particular, if we are interested in reducing the
size of the models by 50%, then both the Krylov-subspace and the
Bartels–Stewart Lyapunov solutions will result in CCAs that match
over 80% of the higher cost modes.

The second set of experiments consists of a transfer function
comparisonof the full- and the reduced-ordermodels obtained from
the approximate CCA and the exact (Bartels–Stewart-based) CCA
model reduction. We consider � rst the ISS model stage 8A C OBS
(see Fig. 2) with 368 modes (736 states) that we seek to reduced by
approximatelly50%. Figures 3 and 4 show the frequency-response
comparison of the full- and the reduced-order models using the
Bartels–Stewart21 and the Krylov-subspacesolutions, respectively.
Note that the two methods result in very similar reduced-ordermod-
els.A similarcomparisonis performedfor the12Astage(seeFig. 5),
which has 897 modes (1794 states). The frequency-responsecom-
parisonof the full- and the Krylov-basedCCA reduced-ordermodel
is shown in Fig. 6. However, note that in this case no Bartels–

Stewart Lyapunov solution was possible to obtain for comparison,
due to extreme computationalrequirementsof solving a 1794-order
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Fig. 3 Frequency-response comparison of the full- and the Bartels–Stewart CCA reduced-order models for 8A-OBS.

Fig. 4 Frequency-response comparison of the full- and the Krylov-subspace CCA reduced-order models for 8A-OBS.
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Lyapunov equation using the Bartels–Stewart method.21 It is noted
that ISS assembly stages beyond the 12A stage correspond to
structural models with several thousands of states, and model re-
ductions using the proposed Krylov-subspace solutions could be
vital for treating these systems.

VI. Approximate Cost-Decoupled Coordinate
In this section, a low-order structuralmodel example is presented

to demonstrate the computation of the proposed approximate cost-
decoupled coordinates presented in Sec. IV. To this end, consider
the following � fth-order system:

A D

¡0:0297 ¡1 0 0:0438 0
0:3458 ¡0:8927 ¡0:0980 ¡0:0632 ¡0:3396

¡1:0837 ¡0:2519 ¡2:5419 ¡1:6431 ¡0:9347

0 0 1 0 0

0 1 0 0 0

B D

0 0

0:3810 0:0400

0:0670 1:5900

0 0

0 0

; C D
1:5 2:3 0 4:1 5

0 0 2 0 5

Fig. 5 Isometric view of the ISS assembly stage 12A.

Fig. 6 Frequency-response comparison of the full- and the Krylov-subspace CCA reduced-order models for 12A.

The exact covariance matrix for this system (computed via the
Bartels–Stewart algorithm21) is

X D

0:1165 ¡0:0029 ¡0:0195 0:0116 ¡0:1085

¡0:0029 0:0807 0:0071 ¡0:0066 0

¡0:0195 0:0071 0:5034 0 0:0066

0:0116 ¡0:0066 0 0:3033 ¡0:0062

¡0:1085 0 0:0066 ¡0:0062 ¡0:1265

and the Krylov-subspaceapproximate solution of order four is

OX D

0:1149 ¡0:0015 ¡0:0143 0:0080 ¡0:1149

¡0:0015 0:0808 0:0067 ¡0:0078 0:0015

¡0:0143 0:0067 0:4983 0 0:0143

0:0080 ¡0:0078 0 0:3038 ¡0:0080
¡0:1149 0:0015 0:0143 ¡0:0080 ¡0:1149

Note that rank( OX / D 4. The cost-decoupled realization11;14 of the
system computed using the exact covariance X is as follows:

Ad D

¡0:2406 ¡0:1865 ¡0:1952 ¡0:1824 0:3708

0:9788 ¡0:8993 2:0117 ¡0:2403 0:5099

¡0:5443 ¡0:0555 ¡1:1202 ¡0:1492 ¡0:5363

0:4580 0:0148 ¡0:0669 ¡0:1318 0:0499

¡1:2909 0:5687 ¡:2257 0:6791 ¡1:0725

Bd D

¡0:2722 ¡0:6380

¡0:1982 1:3264

0:5478 ¡1:3929

0:4549 0:2380

¡1:0916 ¡0:9763

Cd D
¡2:4215 ¡1:0953 0 0 0

¡1:6574 1:6003 0 0 0
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and he output cost matrix in these cost-decoupledcoordinates is

XdC T
d Cd D

8:6106 0 0 0 0

0 3:7606 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

which implies that states 3, 4, and 5 should be deleted. Hence, the
exact cost-decoupledreduced-ordermodel is as follows:

Adr D
¡0:2406 ¡0:1865

0:9788 ¡0:8993
; Bdr D

¡0:2722 ¡0:6380

¡0:1982 1:3264

Cdr D
¡2:4215 ¡1:0953

¡1:6574 1:6003

Using the results of Sec. IV, the approximatereduced-order,cost-
decoupledmodel using the Krylov-subspacesolution OX is obtained
as follows:

OAd D
¡0:2662 ¡0:2060

1:0362 ¡0:8870
; OBd D

¡0:2809 ¡0:6735

¡0:2036 1:3163

OCd D
¡2:3127 ¡1:1134

¡1:6251 1:5844

Note that the approximatereduced-ordercost-decoupledrealization
. OAd ; OBd ; OCd/ is indeed very close to the exact one (Adr ; Bdr ; Cdr ).

VII. Conclusions
The use of Krylov-subspace algorithms has been examined for

approximate CCA model reduction purposes. The proposed algo-
rithms could be valuable to address model reduction of very large-
scale systems where common Lyapunov equation solvers, such as
the Bartels–Stewart method, fail due to computational and storage
requirements.The computationsof approximatecost-equivalentand
cost-decoupledrealizationsusing theproposedKrylov-subspaceso-
lutions have been provided. The approximate CCA model reduc-
tion methodologyhas been comparedwith the standardmethod that
uses a Bartels–Stewart Lyapunov solver. Model reductions for sev-
eral structural systems that correspond to ISS assembly stages have
been examined, which validate the ef� ciency and accuracy of the
proposed approximate CCA approach.
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